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From a distance, the two partially ordered sets spec Z[x] and spec Q[x, y] appear 
rather similar: They each have a unique minimal element and denumerable s ts of 
elements of heights one and two. Moreover, there are several restrictions placed on 
the orderings by the fact that both rings are Noetherian. We will show that the par- 
tial ordering of spec7/[x] is much simpler than that of specQ[x,y]. In fact, 
U= spec Z[x] is characterized among countable partially ordered sets by the follow- 
ing five axioms, considered in [8]: 
(P1) U has a unique minimal element. 
(P2) U has dimension 2. 
(P3) For each element x of height one there are infinitely many elements y>x.  
(P4) For each pair x,y of distinct elements of height 1, there are only finitely 
many elements z such that z>x and z>y.  
(P5) Given a finite set S of height-one lements and a finite set T of maximal 
elements, there is a height-one lement w such that (a) w<t  for each te  T, and (b) 
if seS  and s<x and w<x then xe  T. 
One of the main results of [8] is that any two countable partially ordered sets satis- 
fying (PI)-(P5) are isomorphic. All of the spectra we will consider will satisfy (P1) 
to (P4), so the idea is to determine which ones satisfy (P5). Using this idea, we are 
able to prove the following: 
Theorem 1. Let D be an order in an algebraic number field. Then spec D[x] satisfies 
(P5), so that spec D[x] = spec 7/[x]. 
Theorem 2. Let k be a field, and let A be a 2-dimensional domain that is finitely 
generated as a k-algebra. Then spec A ~ spec 7/[x] i f  and only if k is contained in the 
algebraic losure of  a finite field. 
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The proof of Theorem 1 is the harder of the two and will be given later. As for 
Theorem 2, I showed in [8] that spec A satisfies (PS) when k is an algebraic extension 
of a finite field. (In the statement of Theorem 5 of [8] it is assumed that k is either 
finite or the algebraic closure of a finite field, but the proof  applies to every 
algebraic extension of a finite field. I am indebted to L.S. Levy for pointing out that 
each finite field has uncountably many non-isomorphic algebraic extensions.) So, 
modulo Theorem 1, all we need to prove is that A does not satisfy (PS) when k is 
not algebraic over a finite field. A couple of lemmas will be useful both here and 
in the proof of Theorem 1. 
Lemma 3. Let A' c_ A ~ A n be integral extensions of  Noetherian domains of  dimen- 
sion 2, and assume A'  is integrally closed. I f  A n satisfies (P5), so does A. 
Proof. It is easy to see that (P5) forces all maximal ideals of A n to ~have height 2, 
and it follows that all three rings have this property. Therefore the maps on spectra 
(induced by the inclusions of rings) preserve heights. Now use 'going up' and 'going 
down' exactly as in the second paragraph of the proof of [8, Theorem 5]. 
The next lemma is proved in William Krauter's Ph.D. thesis (University of 
Nebraska, 1980) and in [7]. 
Lemma 4. Let D be a one-dimensional Noetherian ring with at most finitely many 
singular maximal ideals (that is, Dp is a discrete valuation ring for almost all P). 
Then Pic D is a torsion group i f  and only i f  every maximal ideal o f  D is the radical 
o f  a principal ideal. 
Proof o f  Theorem 2, assuming Theorem 1. Let k be a field that is not algebraic over 
a finite field, and let R be a 2-dimensionaldomain, finitely generated as a k-algebra. 
By Noether's normalization lemma, R is an integral extension of k[x, y] for suitable 
x, y ~ R. To show that (PS) fails for spec R, it is enough (by Lemma 3) to show that 
it falls for spec k[x,y]. We will map k[x,y] onto a k-algebra D satisfying 
(i) D is reduced, 
(ii) every maximal ideal of D has height one, and 
(iii) Pic D=k*,  the multiplicative group of k. 
Supposing this has been done, we let S be the set of minimal Primes of the kernel 
of lt:k[x,y]--*D. By assumption k* has elements of infinite order, so by Lemma 
4, D has a maximal ideal ~,' that is not the radical of a principal ideal. Clearly, then, 
(P5) fails for T= { l t - l ( J )} .  
If char(k) ~: 2 we can take D = k[x, yl/(y2 _ x 3 _ x 2). (See [2, Chapter II, Exercise 
6.7].) In any characteristic we can take D=k[t ( t -1) ,  t2(t - 1)]. Then the integral 
closure of D is k[t], and the conductor ideal is t ( t -  1)k[t]. We leave it to the reader 
to check (using the Mayer-Vietoris equence associated to the conductor square) 
that Pic D=k*.  
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This proves the 'only if '  implication in Theorem 2. The converse, is, as already 
mentioned, a consequence of Theorem 1 and the results of [8]. 
In order to prove Theorem 1 we will need to know, among other things, that the 
Picard group of D[x]/P is torsion, for every height-one prime ideal P. This is pro- 
bably known, but it says a little more than the usual theorem on finiteness of the 
class number, since D[x]/P isn't necessarily a finitely generated 2~-module. With 
apologies to the experts, I'll give a proof here (using an idea shown to me by Wolmer 
Vasconcelos): 
Finiteness Theorem. Let R be a finitely generated Z-algebra of  dimension one. Then 
Pic(R) is finite. 
Proof. Assume first that R is a domain, /with quotient field K. If char(K)=p~:0, 
then R is a finitely generated algebra over 7//(p), and the usual finiteness theorem 
for global fields applies. (See the proof of [8, Lemma 2].) We assume, therefore, 
that K has characteristic 0, and claim that K is a (finite) algebraic extension of Q. 
To see this, apply the normalization lemma to © _c R® z © to obtain a non-zero 
integer n and algebraically independent elements Yi eR  such that R[1/n] is an in- 
tegral extension of 7/[1/n,y 1, "",Yr]" Since dim R= 1, r=0 as desired. 
Next we observe that R has finite residue fields. The reason is that Z is a Hilbert 
ring, so every maximal ideal of the finitely generated 7/-algebra R contracts to a 
maximal ideal of Z. Now let A be the integral closure of R in K. This is a Dedekind 
domain and a finitely generated R-module. Letting I be the conductor, we have a 
cartesian square 
R)  ,A  
l 
R/ I )  ' A / I  
We get a Mayer-Vietoris equence, [51: 
• .. ~(A / I ) *~P ic  R~Pic (R/ I )  x Pic A ~. . -  
(We use (.)* to denote the group of units of a ring.) The observation that R has 
finite residue fields applies equally well to A, so that R/ I  and A/ I  are both finite. 
Hence it will suffice to prove that Pic A is finite. The integral closure B, of 7/in K, 
is a Dedekind domain with finite class group. But then A is a ring of fractions of 
B, by [11, and Pic(A) is finite as desired. 
We have now completed the proof of the finiteness theorem for domains. In the 
general case, we can assume R is reduced, with minimal primes P~,..., P~,. Letting 
J=PI N ... CIPk_l, we assume inductively that Pic(R/J) is finite. There is a carte- 
sian square 
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R> , R/J 
R/P k > , R/( J+ Pk) 
Again, the lower right corner is a finite ring, and the Mayer-Vietoris equence shows 
that Pic R is finite. 
Proof of Theorem 1. Let A be the integral closure of D in its quotient field K. AI~ 
plying Lemma 3 to the extensions Z[x] cD[x] ~A[x], we see that it will suffice to 
prove that specA[x] satisfies (P5). Let S= {Pt, ..-,Ps} and T= {~'1, ..., ~'t} be the 
sets of primes in (P5). If T= fJ, let o be any non-zero polynomial in P1 R. . -NP s. 
Then 1 +xo is not a unit, so there is a height-one prime ideal P containing 1 +xv. 
Then Pi + P =A [x] for all i, so P satisfies the requirements of (P5) in this case. 
We assume, from now on, that T#: I]. Moreover, we may harmlessly assume that 
each ~'j contains some Pi. (Enlarge S if necessary.) Let I= P1CI... CIP s and note 
that D[x]/I has finite Picard group by the Finiteness Theorem. By Lemma 4, each 
.~gj/I is the radical of a principal ideal, say, .~gj=l/-(I+(fj)). Letting 
J= ~1 N ... f'l ~gt and f = f t "" f t, we have 
J= l/-(I + (f)). (1) 
In order to verify (P5) we need to replace ( f )  by a height-one prime ideal. That is, 
we need J=I/-( I+P) for a suitable height-one prime P in A[x]. 
Let L1 , . . .  , L r be ideals of A giving a complete set of representatives of the ideal 
class group of A. The maximal ideals d/j of A [x] contract o maximal ideals of A 
(since A is a Hilbert ring). On replacing each Li by an isomorphic ideal if 
necessary, we may assume Li ~ (~l RA) U"" U (~t NA), 1 _< i _  r. (See [6, Lemma 
4.3] or [7, Lemma 3].) Choose an element heL I . . . L r -U j (~ jNA) ,  and let 
B=A[1/h]. Then B is a principal ideal domain, and all the J j  survive in B[x]. 
From (1) we see that I+ ( f )  is an ideal of height 2 in the Cohen-Macaulay ring 
A Ix]; so there is an element g ~ I such that (f, g) is an A [xl-sequence. Then (f, g) is 
also a B [x] -sequence (that is, f and g are relatively prime). It follows that, for every 
j>_ 1, f i+yg is irreducible in B[x,y], hence in K[x,y]. (See, for example, [3, p. 102, 
Exercise 2].) Now we need Hilbert's irreducibility theorem, as formulated by Lang 
in Chapter VIII of [4]: Combining Corollary 3 of §2 (p. 148) with the Corollary in 
§3 (p. 152), we find that there are infinitely many rational primes p for which each 
of the t+ 1 polynomials fJ+pg, l<_j<_t+ 1, is irreducible in K[x]. Choose such a 
prime p, to remain fixed from now on, subject to the additional condition: 
pZ~:.~jr ' lz ,  l <_j<_t. 
Let cjeB be the greatest common divisor of the coefficients of fJ+pgeB[x]. 
Then hj=(1/cj)(fJ+pg) is an irreducible polynomial in B[x], 1 <_j<_t+ 1. I claim 
there is some j<_t+ 1 such that hje~lB[x]N. . .NJtB[x] .  Once this has been 
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established we can complete the proof as follows: Let P=(hjB[x])NA[x]. Then 
pc~lN. . . r l~t=J .  Also, f J=-pg+hjc je l+P .  From (1), it follows that 
j=  I f ( /+  P), as desired. 
To prove the claim, we suppose it is false. Then there are integers j, k, 1, such that 
l<_j<k<t+l,  l<l<_t, and neither hj nor hk is in ~lB[X]. Let n be a prime 
element of B generating .~'lB[X] tqB. Since f and g are both in ~¢t' t, cjhj and ckh k are 
both in ~tB[x]. Therefore n is a divisor of both cy and ck, hence a divisor of 
cjhj-ckhk=fJ--fk=fJ(1 _ fk- j ) .  Now n can't divide l - f  k-j, since both n and 
fk - j  are in ~t. Therefore n divides fJ, so cjhj- f J  =pg is also a multiple of n. Our 
choice o fp  prevents n from dividing p, and we conclude that n is a common divisor 
of f and g, which were supposed to be relatively prime. This contradiction completes 
the proof. 
I conjecture that specA-=-spec Z[x] whenever A is a two-dimensional domain, 
finitely generated as a Z-algebra. 
We conclude with an example relevant o Theorem 2. Let k be an algebraically 
closed field of characteristic 0, and assume k has infinite transcendence d gree over 
©. We know, by Theorem 2, that no finitely generated k-algebra has its spectrum 
order isomorphic to spec Z[x]. One can still ask if all 2-dimensional domains finitely 
generated over k have isomorphic spectra. The answer is "No".  Take A= 
k[x,y, Z]/ (x4+y4+z4+ 1). We will show that specA ~spec k[x,y]. 
Proposition 5. Let k be an algebraically closed field of infinite transcendence d gree, 
and let A be a 2-dimensional regular domain, finitely generated as a k-algebra. I f  
every maximal ideal of  A is the radical of a 2-generator ideal, then every maximal 
ideal of A is generated by 2 elements. 
Proof. By [6, Theorem 2] it will suffice to show that SKo(A) is a torsion group. By 
[6, Theorem 4.2] this is the subgroup of Ko(A) generated by the simple A-modules. 
(Since A is regular we are identifying Ko(A) with the Grothendieck group of the 
category of finitely generated A-modules.) Let, then, ~ be a maximal ideal of A, 
and choose a 2-generator ideal I=(a,b) with radical ~g. Since A~ is Cohen- 
Macaulay, (a, b) is an A-sequence locally, hence globally. This means we have an 
exact Koszul complex 
~_~) (a, b) 
O~A ,A ~z) , I -~0 
and it follows that [A/I] =0 in Ko(A). 
Now A/ I  has a filtration 
I= EoC EI C ... CEt = A 
with Ei/Ei_ 1--A/.A, 1 <_i<_t. It follows that t. [A/~] = [A/I] =0, as desired. 
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Corollary 6. Let X= spec A be a smooth affine surface over an algebraically closed 
field of  infinite transcendence d gree and assume Pic(A) = O. I f  every point on X is 
the set-theoretic ntersection o f  2 curves on X, then every maximal ideal of  A is 
generated by 2 elements. 
Proof. Every maximal ideal is the radical of the sum of two height-one primes. Each 
height-one prime is locally principal, hence invertible, hence principal. Now apply 
Proposition 5. 
The assumption that Pie(A) = 0 cannot be dropped. For example, let X be a non- 
empty affine open subset of the product of two elliptic curves. Then every point on 
X is the ideal-theoretic ntersection of two curves, but not every maximal of A(X) 
is 2-generated. (See [6, Theorem 2, Corollary 6.4 and Corollary 6.7].) 
Corollary 7. Let k be an algebraically closed field of  characteristic O, with infinite 
transcendence degree over Q. Let Y be a smooth surface in ~ with genera 
pa(Y) =pg(Y)>O, and let X be any non-empty affine open subset of  Y. Then not 
every point on X is the set-theoretic ntersection of  two curves on X. 
Proof. Since Y has irregularity q =pg-pa = 0, [2, p. 247], the argument given in 
the proof of [6, Theorem 6.11] shows that Pic(U)=0 for sufficiently small open 
subsets U. Choose, then a non-empty affine open set Uc_ X with Pic(U) = 0. If every 
point on X were the set-theoretic intersection of two curves on X, the same state- 
ment would hold for U. Then Corollary 6 would say each maximal ideal of A(U) 
is generated by 2 elements, contradicting [6, Theorem 2 and Theorem 6.1]. 
The condition pa(Y)=pg(Y) is always satisfied if Y is a hypersurface, [2, p. 
188]. For A=k[x,y,z] / (x4+y4+z4+l) ,specA is an affine open subset of a 
smooth quartic surface of genus 1 in IP 3. (See [2, p. 188].) By Corollary 7, spec A 
is not order-isomorphic to spec k[x,y]. 
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